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Abstract
We derive rational approximations for the zeros of a selection of Bessel, Airy and Kelvin functions. The
approximations are given for both single and double precision accuracy in IEEE arithmetic machines. c© 2001
Elsevier Science B.V. All rights reserved.
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1. Introduction
The zeros of a special function are themselves of importance in several applications. This has
led to a large amount of work being done on methods to compute the zeros. A classic example is
McMahon’s [4] asymptotic expansions for the zeros of Jn(x), while a very recent work is Segura and
Gil [5]. The standard reference of Abramowitz and Stegun [1] contains a great deal of information
on zeros.
In 1996, Lether [3] proposed computing the zeros of the Bessel function J0 by deriving a rational
approximation to the zeros. He gave four di>erent approximations with varying accuracies. Such an
approach can give the fastest possible method of computing zeros to a certain accuracy.
In the current work we extend this idea to provide rational approximations for the zeros of
J0; J1; Y0; Y1; J ′1; Y ′1, Ai, Bi, Ai′, Bi′, ber, bei, ker, kei. For each function we provide two approx-
imations, for single and double precision accuracy on machines conforming to the IEEE arithmetic
standard (most modern PCs and workstations).
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2. Methodology
In this section we describe the procedure used to derive the approximations.
Firstly, we compute a large number of the zeros of the function to an accuracy of 30sf., not in-
cluding x=0 if it is a zero. This involves a mixture of numeric computation with a multiple-precision
arithmetic package and use of a symbolic algebra package, such as Mathematica.
Next, we use the di>erential-correction algorithm of Kaufman and Taylor [2] to derive the rational
approximations using a Hnite subset of the zeros. This procedure is repeated using increasing numbers
of zeros until the coeIcients of the rational form have converged to the required accuracy. A
Fortan77 implementation of the di>erential-correction algorithm, called difcor, is available through
Netlib. This was adapted to quadruple precision and run on a HP700 series workstation using the
HP f77 compiler which supports quadruple precision arithmetic.
Finally, the results produced from the rational approximations were tested against the results from
tables, multiple-precision packages, symbolic packages. We also compare against several available
Fortran codes which compute zeros. All the tests lead us to be conHdent that the approximations are
to the stated accuracy.
3. Numerical results
We now give the results for each function. In each case Pn and Qn denote polynomials of degree
n, with, for example,
Pn(x) = p0 + p1x + p2x2 + · · ·+ pnxn:
3.1. J0
Since J0 is even we only need to consider positive zeros, which we denote by zn with z1¡z2¡
z3¡ · · · : DeHne  = (n− 0:25), then
zn =  +
1

(
1
8
− 1
2
Pn(1=2)
Qm(1=2)
)
: (1)
The coeIcients for Pn and Qm are given in Table 1.
3.2. J1
Since J1 is odd we also only need to consider positive zeros, which we denote by zn with
0¡z1¡z2¡z3¡ · · · . DeHne  = (n+ 0:25), then
zn =  − 1
(
3
8
− 1
2
Pn(1=2)
Qm(1=2)
)
: (2)
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Table 1
CoeIcients for J0
CoeIcient SP value DP value
p0 0.8061 1719 E-1 0.8072 9166 2496 6844 D-1
p1 0.1329 7938 E 0 0.3440 7629 2332 1073 D 1
p2 0.2625 1635 6081 4491 D 2
p3 0.1313 3119 3733 6179 D 2
q0 1.0 E 0 1.0 D 0
q1 0.4487 4506 E 1 0.4566 8635 2979 1461 D 2
q2 0.4417 6622 1523 6313 D 3
q3 0.7891 4335 9692 5795 D 3
Table 2
CoeIcients for J1
CoeIcient SP value DP value
p0 0.2339 9247 E-1 0.2343 7499 8989 0906 D-1
p1 −0:1016 2897 E 0 0.9371 3874 8738 2616 D 0
p2 0.2236 5462 4457 2246 D 1
p3 −0:3741 7208 1232 3805 D 2
q0 1.0 E 0 1.0 D 0
q1 0.5145 6956 E 1 0.4980 9577 6229 7700 D 2
q2 0.5122 2235 2450 3332 D 3
q3 0.8585 3202 8863 5833 D 3
The coeIcients for Pn and Qm are given in Table 2.
3.3. Y0
Denote the zeros by zn with z1¡z2¡z3¡ · · · . DeHne  = (n− 0:75), then
zn =  +
1

(
1
8
− 1
2
Pn(1=2)
Qm(1=2)
)
: (3)
The coeIcients for Pn and Qm are given in Table 3.
3.4. Y1
Denote the zeros by zn with z1¡z2¡z3¡ · · · . DeHne  = (n− 0:25), then
zn =  − 1
(
3
8
− 1
2
Pn(1=2)
Qm(1=2)
)
: (4)
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Table 3
CoeIcients for Y0
CoeIcient SP value DP value
p0 0.8026 6968 E-1 0.8072 9165 9412 0767 D-1
p1 0.4100 6387 E-1 0.2877 6548 5287 8469 D 1
p2 0.1638 9545 5116 1189 D 2
p3 0.3212 3528 6905 9707 D 1
q0 1.0 E 0 1.0 D 0
q1 0.3048 3987 E 1 0.3869 3354 2898 6483 D 2
q2 0.2983 4985 8356 3130 D 3
q3 0.3855 4613 1392 2180 D 3
Table 4
CoeIcients for Y1
CoeIcient SP value DP value
p0 0:2330 8360 E-1 0:2343 7499 5179 3022 D-1
p1 −0:1165 8415 E 0 0:7727 4772 3386 9820 D 0
p2 0:3539 9241 2874 9658 D 0
p3 −0:2452 9277 9367 8200 D 2
q0 1.0 E 0 1.0 D 0
q1 0.4074 1701 E 1 0.4279 5535 2211 0190 D 2
q2 0.3630 0115 9899 3072 D 3
q3 0.4477 9216 4936 8830 D 3
The coeIcients for Pn and Qm are given in Table 4.
3.5. J ′1
Since the function is even we only consider positive zeros. Denote the zeros by zn with z1¡z2¡
z3¡ · · · : DeHne  = (n− 0:25), then
zn =  − 1
(
7
8
+
1
2
Pn(1=2)
Qm(1=2)
)
: (5)
The coeIcients for Pn and Qm are given in Table 5.
3.6. Y ′1
Denote the zeros by zn with z1¡z2¡z3¡ · · · . DeHne  = (n+ 0:25), then
zn =  − 1
(
7
8
+
1
2
Pn(1=2)
Qm(1=2)
)
: (6)
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Table 5
CoeIcients for J ′1
CoeIcient SP value DP value
p0 0.1122 1562 E 1 0.1122 3958 3328 8730 D 1
p1 −0:1315 4292 E 1 0.4564 4467 8614 1442 D 2
p2 0.2153 0569 5474 1848 D 3
p3 −0:7196 7671 3813 0762 D 3
q0 1.0 E 0 1.0 D 0
q1 −0:2936 2817 E 1 0.3893 3064 0743 6157 D 2
q2 0.1179 5202 3712 5438 D 3
q3 −0:1086 0469 2175 5908 D 4
q4 0.9114 0862 0234 7049 D 3
Table 6
CoeIcients for Y ′1
CoeIcient SP value DP value
p0 0.1122 2848 E 1 0.1122 3958 3363 3672 D 1
p1 −0:1412 3697 E 1 0.8583 5557 2639 3273 D 2
p2 0.9342 3273 3256 5166 D 3
p3 −0:9769 3272 5576 5906 D 3
q0 1.0 E 0 1.0 D 0
q1 −0:3012 1603 E 1 0.7474 1367 0968 2216 D 2
q2 0.6963 9132 6082 4682 D 3
q3 −0:2546 0690 0801 0423 D 4
The coeIcients for Pn and Qm are given in Table 6.
3.7. Ai
The zeros of Ai are all negative, so we denote the zeros by zn with |z1|¡ |z2|¡ |z3|¡ · · · . DeHne
 = (1:5n− 0:375), then
zn =−2=3
(
1 +
1
2
Pn(1=2)
Qm(1=2)
)
: (7)
The coeIcients for Pn and Qm are given in Table 7.
3.8. Bi
The zeros of Bi are all negative, so we denote the zeros by zn with |z1|¡ |z2|¡ |z3|¡ · · · . DeHne
 = (1:5n− 1:125), then
zn =−2=3
(
1 +
1
2
Pn(1=2)
Qm(1=2)
)
: (8)
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Table 7
CoeIcients for Ai
CoeIcient SP value DP value
p0 0.1041 5491 E 0 0.1041 6666 6666 4671 D 0
p1 0.3160 2688 E 0 0.1077 4622 7992 0222 D 2
p2 0.2355 8434 3322 0878 D 3
p3 0.9143 7418 1701 5666 D 3
q0 1.0 E 0 1.0 D 0
q1 0.4329 8461 E 1 0.1047 6971 2191 4958 D 3
q2 0.2392 3761 7583 2269 D 4
q3 0.1118 1447 2048 6034 D 5
q4 0.4516 0705 0757 9597 D 4
Table 8
CoeIcients for Bi
CoeIcient SP value DP value
p0 0.1041 6452 E 0 0.1041 6666 6665 4008 D 0
p1 0.6695 9182 E 0 0.8817 4030 1657 0965 D 1
p2 0.1474 0859 5606 2954 D 3
p3 0.3761 5499 4884 0890 D 3
q0 1.0 E 0 1.0 D 0
q1 0.7750 8310 E 1 0.8598 0402 2201 3222 D 2
q2 0.2906 2613 E 1 0.1520 8366 9127 3402 D 4
q3 0.5020 1249 5628 7134 D 4
q4 0.1320 3296 7975 0882 D 4
The coeIcients for Pn and Qn are given in Table 8.
3.9. Ai′
The zeros of Ai′ are all negative, so we denote the zeros by zn with |z1|¡ |z2|¡ |z3|¡ · · · .
DeHne  = (1:5n− 1:125), then
zn =−2=3
(
1− 1
2
Pn(1=2)
Qm(1=2)
)
: (9)
The coeIcients for Pn and Qm are given in Table 9.
3.10. Bi′
The zeros of Bi′ are all negative, so we denote the zeros by zn with |z1|¡ |z2|¡ |z3|¡ · · · .
DeHne  = (1:5n− 0:375), then
zn =−2=3
(
1− 1
2
Pn(1=2)
Qm(1=2)
)
: (10)
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Table 9
CoeIcients for Ai′
CoeIcient SP value DP value
p0 0.1458 3114 E 0 0.1458 3333 3332 0506 D 0
p1 0.9421 3421 E 0 0.1230 5199 0021 9906 D 2
p2 0.2052 4856 4784 6377 D 3
p3 0.5288 5021 9755 9655 D 3
q0 1.0 E 0 1.0 D 0
q1 0.7285 9565 E 1 0.8521 1840 7246 8657 D 2
q2 0.1168 4112 E 1 0.1472 4358 7567 9922 D 4
q3 0.4445 6515 7126 3404 D 4
q4 0.4295 8000 0563 3631 D 3
Table 10
CoeIcients for Bi′
CoeIcient SP value DP value
p0 0.1458 2253 E 0 0.1458 3333 3333 1314 D 0
p1 0.5642 0280 E 0 0.1504 3146 8244 6137 D 2
p2 0.3281 2821 7969 5142 D 3
p3 0.1278 9137 4971 5646 D 4
q0 1.0 E 0 1.0 D 0
q1 0.4677 5682 E 1 0.1039 8634 0119 3954 D 3
q2 0.2330 6845 5069 8350 D 4
q3 0.1019 1703 1243 3163 D 5
q4 0.1981 1214 0634 5917 D 4
The coeIcients for Pn and Qm are given in Table 10.
3.11. ber
The Kelvin function ber is even, so we only give the positive zeros, which we denote by zn with
z1¡z2¡z3¡ · · · . DeHne  = (n− 0:375), then
zn =
√
2
(
 +
1

(
1
16
+
1

Pn(1=)
Qm(1=)
))
: (11)
The coeIcients for Pn and Qm are given in Table 11.
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Table 11
CoeIcients for ber
CoeIcient SP value DP value
p0 0.3141 9319 E-1 0.3124 9999 9422 1582 D-1
p1 −0:4829 1962 E-1 −0:7190 9613 0770 8703 D 0
p2 0.5994 1607 4849 7655 D 1
p3 −0:2080 1132 2560 5353 D 2
p4 0.2493 2975 5135 2753 D 2
p5 −0:8305 3523 4675 3729 D 0
q0 1.0 E 0 1.0 D 0
q1 −0:1782 1202 E 1 −0:2340 6909 9272 7494 D 2
q2 0.2012 6591 5070 0513 D 3
q3 −0:7486 7904 7524 0607 D 3
q4 0.1110 4068 1641 3722 D 4
q5 −0:4509 5259 3788 9199 D 3
Table 12
CoeIcients for bei
CoeIcient SP value DP value
p0 0.3124 4631 E-1 0.3124 9999 9959 7951 D-1
p1 −0:1021 6086 E 0 −0:8254 2181 1231 0846 D 0
p2 0.8495 6946 1153 0456 D 1
p3 −0:4279 0681 8024 5182 D 2
p4 0.1067 7539 3500 5669 D 3
p5 −0:1057 0339 0013 3219 D 3
q0 1.0 E 0 1.0 D 0
q1 −0:3664 9909 E 1 −0:2680 9331 3327 6247 D 2
q2 0.1574 9948 E 1 0.2826 6175 9615 0513 D 3
q3 −0:1485 2004 9190 2137 D 4
q4 0.4032 6840 9781 7903 D 4
q5 −0:5026 3101 0808 8225 D 4
q6 0.1781 0223 4835 2811 D 4
3.12. bei
The Kelvin function bei is even, and we only give the strictly positive zeros, which we denote
by zn with z1¡z2¡z3¡ · · · . DeHne  = (n+ 0:125), then
zn =
√
2
(
 +
1

(
1
16
+
1

Pn(1=)
Qm(1=)
))
: (12)
The coeIcients for Pn and Qm are given in Table 12.
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Table 13
CoeIcients for ker
CoeIcient SP value DP value
p0 0.3135 6565 E-1 0.3125 0000 0213 0482 D-1
p1 −0:2802 7598 E-2 0.2025 7842 1431 7691 D 0
p2 0.3894 0797 9063 4653 D 0
p3 0.1821 4478 2019 2266 D 0
q0 1.0 E 0 1.0 D 0
q1 0.3634 9464 E 0 0.6878 3429 1821 3101 D 1
q2 0.1537 1226 8853 6889 D 2
q3 0.1218 7590 3748 9939 D 2
q4 0.2906 7133 8927 0641 D 1
Table 14
CoeIcients for kei
CoeIcient SP value DP value
p0 0.3130 2766 E-1 0.3124 9999 7066 6325 D-1
p1 −0:6181 2415 E-2 0.1477 0709 4541 4951 D 0
p2 0.2009 8074 4747 2545 D 0
p3 0.3290 9105 2304 3152 D-2
q0 1.0 E 0 1.0 D 0
q1 0.2351 4500 E 0 0.5122 4592 5985 8935 D 1
q2 0.8646 5749 1506 2964 D 1
q3 0.3471 7685 5279 3655 D 1
3.13. ker
The Kelvin function ker is only deHned for x¿ 0. We denote the zeros by zn with z1¡z2¡
z3¡ · · · : DeHne  = (n− 0:625), then
zn =
√
2
(
 +
1

(
1
16
− 1

Pn(1=)
Qm(1=)
))
: (13)
The coeIcients for Pn and Qm are given in Table 13.
3.14. kei
The Kelvin function kei is only deHned for x¿ 0. We denote the zeros by zn with z1¡z2¡
z3¡ · · · : DeHne  = (n− 0:125), then
zn =
√
2
(
 +
1

(
1
16
− 1

Pn(1=)
Qm(1=)
))
: (14)
The coeIcients for Pn and Qm are given in Table 14.
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